We construct forecasts for cosmological parameter constraints from weak gravitational lensing surveys involving the Square Kilometre Array (SKA). Considering matter content, dark energy and modified gravity parameters, we show that the first phase of the SKA (SKA1) can be competitive with other Stage III experiments such as the Dark Energy Survey (DES) and that the full SKA (SKA2) can potentially form tighter constraints than Stage IV optical weak lensing experiments, such as those that will be conducted with LSST, WFIRST-AFTA or Euclid -like facilities. Using weak lensing alone, going from SKA1 to SKA2 represents improvements by factors of ∼ 10 in matter, ∼ 10 in dark energy and ∼ 5 in modified gravity parameters. We also show, for the first time, the powerful result that comparably tight constraints (within ∼ 5%) for both Stage III and Stage IV experiments, can be gained from cross-correlating shear maps between the optical and radio wavebands, a process which can also eliminate a number of potential sources of systematic errors which can otherwise limit the utility of weak lensing cosmology.
INTRODUCTION
Mapping the cosmic shear signal with weak gravitational lensing has long been regarded as an excellent probe of cosmology (see e.g. Kilbinger 2015 , for a recent review). In particular, future weak lensing measurements are one of the most promising observables for constraining the history of the growth of cosmic structure (and the physics which caused it) through direct sensitivity to the total mass along a line of sight (e.g. Weinberg et al. 2013) .
From early detections (Bacon et al. 2000; Wittman et al. 2000; Van Waerbeke et al. 2000; Kaiser et al. 2000) , progress has been made to the point whereby current experiments Jee et al. 2016; The Dark Energy Survey Collaboration et al. 2015) are able to provide matter contents and dark energy constraints comparable with the best available from other probes such as the Cosmic Microwave Background (CMB, Planck Collaboration et al. 2015) and galaxy clustering (Parkinson et al. 2012; de la Torre et al. 2013; Anderson et al. 2014) . As the depth and sky area of these and future experiments increases, uncertainties on these constraints will begin to become dominated by the numerous systematic effects which come into play when turning the raw astronomical data into shear maps and E-mail: ian.harrison-2@manchester.ac.uk subsequent parameter confidence regions. These systematics include (but are not limited to) telescope systematics, galaxy intrinsic alignments (see e.g. Joachimi et al. 2015) , image analysis algorithm errors and uncertainties associated with modelling the non-linearity of matter clustering on small physical scales.
In this paper we will consider in particular the promise of future weak lensing experiments involving the Square Kilometre Array (SKA) 1 radio interferometer telescope, both alone and in cross-correlation with representative optical weak lensing surveys. The SKA has unique value by itself, the exact extent of which will depend on the properties of the faint radio source population which will be probed by surveys with SKA pathfinders and precursors. In an ideal scenario, the properties of this population will contain a long-tailed source redshift distributions, expected for the star-forming galaxy (SFG) population that will dominate the SKA surveys, and add unique additional information on the lensing shear signal from radio polarisation and resolved spectral line observations (see , for a summary). Even without the addition of more information, extra advantages can also be gained by cross-correlating the shear maps produced from SKA data with shear maps generated by other experiments in different wavebands, as recently demonstrated by Demetroullas & Brown (2016) . In this procedure, any spurious shear generated by systematics which are uncorrelated between the wavebands should be instantly eliminated (e.g. Patel et al. 2010) . In particular, contamination from an incorrectly deconvolved spatially varying Point Spread Function (PSF) and errors from algorithms used to measure the shapes of individual galaxies to infer the shear should be uncorrelated between the different experiments. When measuring an observed shear map γ made in waveband X, the observed signal receives contributions from the true gravitational shearing γ (which is achromatic and identical in both wavebands), the intrinsic shape of the galaxy γ int and spurious shear from incorrectly deconvolved PSF or shape measurement error γ sys . The cross-correlation of shear maps in different wavebands then has terms:
( 1) The first term is the cosmological signal that we are interested in, the following three terms are contaminating 'intrinsic alignment' terms (see Joachimi et al. 2015; Kiessling et al. 2015; Kirk et al. 2015 , for a recent review) and the final term is a systematics term (we have ignored terms correlating systematics with signals on the sky). Any contributions to these systematics terms which are uncorrelated between different experiments and wavebands will be suppressed by the crosscorrelation, greatly increasing the robustness of cosmological constraints. If polarised and neutral hydrogen (HI) 21 cm line emission fractions from high redshift sources prove to be high enough, radio weak lensing experiments can also provide useful information on intrinsic alignment systematics through polarisation (Brown & Battye 2011) and rotational velocity information (Blain 2002; Morales 2006 ), though we do not consider such approaches in these forecasts. Instead, we consider what can be achieved with 'vanilla' SKA weak lensing surveys in which cosmological information come from forming shear power spectra from measured galaxy ellipticities, just as in typical optical experiments. Adopting the survey categorisation scheme of the Dark Energy Task Force (DETF, Albrecht et al. 2006 ), we will show that surveys conducted with the first phase of the SKA (SKA1) will be competitive with 'Stage III' optical weak lensing surveys such as DES 2 , KiDS 3 and HSC 4 , and that full SKA (SKA2) weak lensing surveys can provide 'Stage IV' constraints similar to those achievable with the weak lensing components of the Euclid 5 , WFIRST-AFTA 6 and LSST 7 surveys. We will also show that constraints obtained from cross-power spectra measured between shear maps made in different wavebands will provide measurements which are still just as tight as each experiment by itself, but should be free of any wavelength dependent systematics.
Here we make forecasts using simple prescriptions for the noise spectra and covariance matrices within a weak lensing experiment, and choose a fiducial experimental configuration for the SKA weak lensing surveys. In a companion paper , hereafter Paper II) we construct a sophisticated simulation pipeline to produce mock weak lensing catalogues for future SKA surveys which we also process through a tomographic weak lensing power spectrum analysis. We then use this pipeline to explore the optimal instrumental configuration for performing SKA weak lensing surveys in the presence of real-world effects such as signal-to-noise dependent shape measurement errors, realistic distributions in galaxy sizes, fluxes and redshifts and ionospheric distortions.
The outline of this paper is as follows. We first provide a brief review of radio weak lensing in Section 2. In Section 3 we then describe the experimental surveys considered for the forecasts and describe our methodology for construction of cross-experiment shear power spectra. In Section 4 we describe the methods used in producing our forecasts. Then, in Section 5 we show results for cosmological parameter constraints using SKA, Stage III optical (DES), Stage IV optical (Euclid -like) and cross-correlations, demonstrating the power of using optical and radio experiments together. Finally in Section 6 we discuss these results and conclude.
WEAK LENSING COSMOLOGY
We refer the reader to Bartelmann & Schneider (2001) for a comprehensive overview of weak lensing cosmology, which we will briefly introduce here. Weak lensing analyses typically involve the measurement of the individual shapes of large numbers of galaxies on the sky. For a large number density of sources in a single patch of sky, the estimated change in shape due to the cosmic shear along the line of sight to that patch (γ) can be estimated by taking a simple average over the observed ellipticity of the galaxies ( obs ), assuming that the intrinsic shapes before shearing are uncorrelated:
The two-point statistics of this observed shear field, such as the power spectrum C , can then be related to the underlying matter power spectrum P δ , which can be predicted theoretically for different cosmological models. For sources confined to a thin shell in redshift, the C are sensitive to the integrated matter power spectrum out to this redshift. In practice, sources are distributed across a range of redshifts dn gal /dz (which is in turn affected by imprecise knowledge of the redshifts of individual sources) and extra information is gained about the growth of structures along the line of sight by constructing the auto-and cross-power spectra of shear maps made using sources divided into different tomographic redshift bins. The full relation for the power spectrum between two different tomographic bins i, j is given by (Bartelmann & Schneider 2001) :
Here, H0 is the Hubble constant, Ωm is the (total) matter density, c is the speed of light, a(χ) is the scale factor of the Universe at co-moving distance χ, fK (χ) is the angular diameter distance (given simply by fK (χ) = χ in a flat Universe), P δ (k, χ) is the matter power spectrum and the functions g i (χ) are the lensing kernels for the redshift bins in question. The lensing kernels are given by:
The number density distributions ni(χ) give the normalised number of galaxies with radial co-ordinate χ in this tomographic bin. For single experiment weak lensing cosmology, the i, j label different tomographic redshift bins and the uncertainty on the power spectrum depends on n gal , the number density of detected galaxies on the sky and σg, the variance of the distribution of galaxy ellipticities (or 'shape noise'). We will generalise these measurement and noise terms to include cross-experiment power spectra in Section 2.4.
Cosmological Parameters
In this paper we will consider the ability of weak lensing experiments to measure a base six-parameter ΛCDM model and two well-motivated extensions: dynamical dark energy and a phenomenological modification to Einstein's gravity. We note that these choices are merely common parametrisations of these extensions and are not specifically tailored to the strengths of SKA weak lensing. Different parametrisations (for example, non-parametric dark energy equation of state reconstruction which equally weights information at all redshifts) may more optimally use the information from these experiments for model selection, but are not considered here.
Base ΛCDM
For our base cosmology we consider six parameters: total matter content Ωm, baryonic matter content Ω b , amplitude of matter fluctuations σ8, Hubble expansion parameter h0, scalar fluctuation spectral index ns and reionisation optical depth τ . Unless otherwise stated, all constraints presented are marginalised over the first five of these parameters (with τ kept fixed) with central values of ϑΛCDM = {Ωm, Ω b , σ8, h0, ns} = {0.3, 0.04, 0.8, 0.72, 0.96}. Weak lensing is highly effective at probing the overall amplitude of the matter power spectrum, which depends on a degenerate combination of the total matter Ωm and clustering strength σ8; we will therefore present constraints in these two parameters only.
Dark Energy
As one extension to ΛCDM, we will consider measuring the parameters in a simple model of evolving dark energy where the equation of state w evolves as a linear function of the scale factor a (known as the Chevallier-Polarski-Linder parameterisation, see Chevallier & Polarski 2001 and Linder 2003) :
This model represents the first order term in a Taylor expansion of a generally evolving equation of state. We consider these parameters in ϑw = ϑΛCDM + {w0, wa}.
Modified Gravity
We also consider modifications to gravity as parametrised in Dossett et al. (2011 Dossett et al. ( , 2015 . In General Relativity, from the perturbed Friedmann-Lemaitre-Robertson-Walker (FLRW) metric in the conformal Newtonian gauge:
we define the Newtonian gravitational potential Ψ felt by matter and the lensing potential Φ which is also felt by relativistic particles. We now define modified gravity parameters Q0, which modifies the potential Φ in the relativistic Poisson equation:
and the gravitational slip R which, in the case of anisotropic stress, gives the ratio between the two potentials:
As R is degenerate with Q0 it is convenient to define the derived parameter Σ0 = Q0(1 + R)/2 and our constraints are given in terms of this. Weak lensing probes the sum of potentials Φ + Ψ and is hence extremely effective at constraining Σ0 but much less sensitive to Q0. Combination with probes for which the opposite is true (i.e. which are sensitive to the Newtonian potential), such as redshift space distortions, is then capable of breaking the degeneracy inherent in each probe individually (see e.g. Simpson et al. 2013; Leonard et al. 2015) . We consider these parameters in ϑmg = ϑΛCDM + {Σ0, Q0}.
Weak Lensing Systematics
Whilst the statistical error on a weak lensing measurement of a cosmological parameter can be beaten down through increasing the number density of galaxies n gal with measured shapes on the sky (or by selecting a population with a smaller intrinsic shape dispersion σg), forthcoming Stage III and Stage IV experiments will begin to enter the regime where the contribution from systematic errors on shear measurement will become comparable to, and larger than, the statistical noise. Here we provide a brief overview of many (although not all) of these systematics, whereas a more detailed analysis of their effects and ways to overcome them will be provided in a companion paper , hereafter Paper III).
• PSF uncertainties. The light from all sources used in weak lensing is convolved with the telescope point spread function. This convolution will induce changes in the size and ellipticity of the apparent galaxy shape in the image data, and must be accounted for when estimating the true observed ellipticity. Typically, a model is created for the PSF which is then deconvolved during shear measurement. For ground-based optical experiments, the primary systematic is residual, un-modelled PSF shape distortions due to instabilities in the atmosphere above the telescope (i.e. seeing).
For space-based telescopes the atmosphere is not a consideration, but other effects from detectors and telescope optics can still create an anisotropic and time-varying PSF. In addition, the deterministic nature of the changes in interferometer dirty beam shape with observing frequency may potentially avoid issues with shear bias from colour gradients in source galaxies (see e.g. Voigt et al. 2012 , for a full description of the problem). However, care will need to be taken to ensure the primary beam of each antenna is wellcharacterised enough to avoid the return of shear biases originating from the beam.
• Shear measurement uncertainties (see Mandelbaum et al. 2014 , and references therein for an overview). Using the observed galaxy ellipticity as a shear estimator as in Eq. (2) depends on having a reliable, unbiased estimator of the ellipticity. Whilst in the noise-free case, can be defined as a simple function of the quadrupole moments of the image, significant complications arise whenever noise is present as the un-weighted quadrupoles will diverge. In general, maximum likelihood estimators for ellipticity will become increasingly biased at lower signal-to-noise ratios (as ellipticity is a ratio of quadrupole moments), and so must be calibrated (e.g. Refregier et al. 2012) . Shear estimators which measure using parametrised models with elliptical isophotes also suffer from 'model bias' caused by under-fitting of real galaxy intensity profiles (Voigt & Bridle 2010) . Accounting for these biases correctly, through either explicit calibration or application of correct Bayesian priors, is a major step in the analysis pipeline for most surveys and requires sophisticated, large scale simulations which correctly reflect the observations.
• Intrinsic Alignment (IA) contamination. A key assumption in Eq. (2) is that intrinsic galaxy shapes are uncorrelated and so any coherent shape must be due to cosmic shear. However, in reality there are two other astrophysical effects which contaminate the shear signal. Galaxies which are nearby on the sky form within the same large scale structure environment as one another, creating spurious 'II' (Intrinsic-Intrinsic) correlations. In addition, galaxies which are local in redshift to an overdensity will develop intrinsic shapes in anti-correlation with the shearing of background galaxies by that same overdensity -the 'GI' (GravitationalIntrinsic) alignment. Typically, these alignments can be mitigated through modelling their effect on the power spectrum, or discounting galaxies which are expected to be most affected (such as close pairs on the sky or redder galaxies). An overiew of IA effects can be found in Joachimi et al. (2015) , Kiessling et al. (2015) and Kirk et al. (2015) .
• Non-linear evolution and baryonic feedback effects. Cosmology with cosmic shear relies on the comparison between an observed shear power spectrum and a theoretically predicted one. However, outside of the regime of linear evolution of large scale structures (i.e. on smaller scales k 0.2h Mpc −1 ), a variety of physical effects will affect the shape of this power spectrum in uncertain ways which are possibly degenerate with changes in cosmological parameters (e.g. Huterer & Takada 2005) .
• Redshift uncertainty estimation. Placing sources into tomographic bins usually requires an estimate of the source's redshift from a small number of broad photometric bands. Significant biases may arise due to insufficient freedom in Spectral Energy Distribution (SED) templates, incorrect spectroscopic calibration and noisy data. For a discussion of these issues see Bonnett et al. (2016) and references therein.
Radio Weak Lensing
Performing weak lensing experiments in the radio band offers a number of potential advantages compared to using optical telescopes alone. In addition to opening the door to powerful cross-correlation techniques (which we consider in more detail in the following subsection), the radio band has the potential to bring unique added value to this area of cosmology by way of new approaches to measuring the weak lensing signal using polarisation and rotational velocity observations. Here we summarise the key benefits that radio weak lensing experiments can offer and highlight some of the challenges which need to be met. We refer the reader to for more information.
• Weak lensing surveys conducted with radio telescopes are, in principle, much less susceptible to instrumental systematic effects associated with residual PSF anisotropies. The image-plane PSF (or 'dirty beam') is set by the baseline distribution and time and frequency sampling of the telescope, all of which are deterministic and known to the observer and may be controlled. An anisotropic PSF can mimic the sought-after cosmic shear signal and are one of the most worrisome systematic effects in optical lensing analyses. Whilst the turbulent ionosphere can cause similar effects in the radio, these effects scale strongly with frequency, meaning at the high frequency considered here (1.355 GHz, see Paper II for a full discussion) this is less of a concern for radio weak lensing.
• However, whilst the dirty beam is precisely known and highly deterministic, the incomplete sampling of the Fourier plane by the finite number of interferometer baselines leads to significant sidelobes which may extend across the entire visible sky. Deconvolving this PSF then becomes a complicated non-local problem as flux from widely-separated sources is mixed together and traditional methods (such as the CLEAN algorithm, Högbom 1974) have been shown to be inadequate for preserving morphology to the degree necessary for weak lensing.
• The SFGs which are expected to dominate the deep, wide-field surveys to be undertaken with the SKA are also expected to be widely distributed in redshift space (see Wilman et al. 2008, and Paper II) . In particular, a highredshift tail of significant numbers of such galaxies, extending beyond z ∼ 1 would provide an additional high-z bin to what is already accessible with optical surveys. See the end of Section 4.2 for a demonstration of the increase in cosmological constraining power from the inclusion of these high-redshift sources. The details of the flux and size distributions of this population are still somewhat uncertain (see Paper II for a full discussion) and will benefit from the efforts of SKA precursor and pathfinder surveys.
• The orientation of the integrated polarised emission from SFGs is not altered by gravitational lensing. If the polarisation orientation is also related to the intrinsic structure of the host galaxy then this provides a powerful method for calibrating and controlling intrinsic galaxy alignments which are the most worrying astrophysical systematic effect for precision weak lensing studies (Brown & Battye 2011; Whit-taker et al. 2015) . Again, the polarisation fraction and angle of scatter between position and polarisation angle is currently subject to much uncertainty and have currently only been tested on small low-redshift samples (Stil et al. 2009 ). This result may not preserve in the high-redshift SFGs we are interested in here, but will become better informed by other surveys leading up to the SKA.
• Much like the polarisation technique, observations of the rotation axis of disk galaxies also provides information on the original (un-lensed) galaxy shape (Blain 2002; Morales 2006; Huff et al. 2013) . Such rotation axis measurements may be available for significant numbers of galaxies with future SKA surveys through resolved 21 cm HI line observations.
• HI line observations also provide an opportunity to obtain spectroscopic redshifts for sources used in weak lensing surveys (e.g. Yahya et al. 2015) , greatly improving the tomographic reconstruction for the sources for which spectra are available. For SKA1 this will be a relatively small fraction of sources (∼ 10%) at low redshifts (which are less useful for gravitational lensing) but this will improve significantly for SKA2.
• Because Galactic radio emission at relevant frequencies is smooth, it is 'resolved out' by radio interferometers. This means that radio surveys have access to more of the sky than experiments in other wavebands, which cannot see through the Galaxy because of dust obscuration effects.
A detection of a weak lensing signal in radio data was first made by Chang et al. (2004) in a shallow, wide-area survey. More recently Demetroullas & Brown (2016) have made a measurement in cross-correlation with optical data, and the SuperCLASS 8 survey is currently gathering data with the express purpose of pushing forward radio weak lensing techniques.
Shear Cross-Correlations
Whilst radio weak lensing surveys have worth in themselves, as discussed above, combining shear maps made at different observational wavelengths has further potential to remove systematics which can otherwise overwhelm the cosmological signal. Here we construct a formalism for forecasting the precision with which cross-correlation power spectra can be measured from shear maps obtained from two different experiments X, Y , which may be in different wavebands. We may still split sources in each experiment into different redshift bins i, j, giving the cross power spectra:
(9) Here the bins can be defined differently for each experiment, taking advantage of e.g. higher median redshift distributions or better measured photometric redshifts in one or the other of the two experiments.
When observed, each power spectrum also includes a noise power spectrum from the galaxy sample:
8 http://www.e-merlin.ac.uk/legacy/projects/superclass.
html
The noise is a function of the number density of galaxies in each experiment individually n
gal , the number of objects which are common to both experiments n X i Y j gal and the covariance of galaxy shapes between the two experiments and redshift bins cov( X i , Y j ). Note that this final term cov( X i , Y j ) is in general a function of both waveband X, Y and redshift bin i, j, describing how galaxy shapes are correlated between the two wavebands and how this correlation evolves with redshift. We can then write the expression for the noise on an observed shear power spectrum:
For correlations between redshift bins in the same experiment this reduces to the familiar shape noise term (e.g. Hu & Jain 2004) :
If we make the simplifying assumption that for crossexperiment correlations, where redshift bins overlap, both experiments probe the same populations of galaxies which have the same shape and shape variance in both wavebands and across all redshift bins, the noise term becomes:
Here, for the two sets of tomographic redshift bins for each experiment we consider the fraction of sources which may be expected to appear in both the radio and optical shape catalogues. In reality, this overlap will be between a deep optical sample and a deep radio sample of SFGs on a wide area. Data sets with this combination of area coverage and depth do not as yet exist, but useful information can be gained from some shallower or narrower archival surveys. Here we consider the large but shallow SDSS-DR10 optical catalogue (Ahn et al. 2014 ) and the FIRST radio catalogue (Becker et al. 1995; Chang et al. 2004) ; and deep but narrow observations of the COSMOS field using the Hubble Space Telescope (McCracken et al. 2010) in the optical and VLA in the radio (Schinnerer et al. 2010) . The SDSS-FIRST overlap region contains a significant part (∼ 10, 000 deg 2 ) of the northern sky, but the radio catalogue is shallow (a 10 σ detection limit of 1.5 mJy). The COSMOS overlap survey is deep (a 10 σ detection limit of 0.28 mJy) but covers only 1 deg 2 . These data sets appear to indicate that matching fractions are low (< 10%) and do not evolve significantly with redshift. In addition, the optical and radio weak lensing samples constructed by Patel et al. (2010) in an 8.5 ×8.5 field in the HDF-N region contain a 4.2% matching fraction across all redshifts.
To investigate how much a non-vanishing radio-optical matching fraction could degrade the radio-optical crosscorrelation constraining power for cosmology, we proceed as follows. We introduce a parameter fO−R ∈ [0, 1] quantifying the number of sources that appears in both the radio and the optical/near-infrared catalogues for a given combination of tomographic bins. In other words, we keep n
fixed to the amount of sources present in the overlap between to given radio-optical bin pairs Xi − Yj. We then multiply this quantity by fO−R and perform a Fisher matrix analysis letting fO−R vary continuously between 0 and 1 (but identically across all redshift bins). Fig. 1 illustrates the degradation of the Dark Energy Task Force Figure of Merit (DETF FoM -the inverse area of a Fisher ellipse in the w0-wa plane, see Albrecht et al. 2006 and Eq. (22) ) -as the fraction of matching radio-optical sources, fO−R, increases (note that for simplicity we assume cov( X i , Y j ) = σ 2 ). We show the ratio between the DETF FoM for a non-vanishing radiooptical matching fraction fO−R and the same quantity for fO−R = 0. It is easy to see that even if 100% of the sources appeared in both catalogues, the degradation of the dark energy FoM would be < 5% for Stage III cosmic shear surveys, and even lower for Stage IV experiments. If we then consider the available data as described previously in this section, the range of values of fO−R for which are indicated by the shaded area, we may see the minimal impact of realistic noise terms on the cross-correlation power spectra.
In order to account for this in the following forecasts we consider the regime where overlap fractions are high and photometric redshifts are provided for the 85% and 50% of sources which do not have spectroscopic HI 21cm line redshifts in the case of SKA1 and SKA2 respectively (as described in Table 1 ). However, as mentioned in Section 3.4, it may be possible for radio surveys alone to provide significantly more redshifts than those from only high-significance HI detections.
In the regime where systematics are controlled, the maximum amount of information is available by using both cross and auto-experiment power spectra. For a data vector consisting of both:
we can also write the covariance matrix between two bins in different experiments (now suppressing the i, j for clarity and with ν = δ /(2 + 1)f sky ):
making the simplifying assumption that different modes are uncorrelated and hence the covariance matrix is diagonal in − . However, here we are interested in forecasting constraints which can be gained which are free of systematics caused by e.g. incorrect PSF deconvolution within an experiment and so consider only cross-experiment spectra (as such systematics will be uncorrelated between the two experiments), giving data vector:
and covariance matrix:
Forecasts presented here for cross-correlation experiments will be of this cross-only form and with noise terms given by Eq. (13).
EXPERIMENTS CONSIDERED
A number of surveys across multiple wavebands are both currently taking place and planned for the near future which have weak lensing cosmology as a prominent science driver. We adopt the language of the Dark Energy Task Force (DETF, Albrecht et al. 2006) in loosely grouping these experiments into 'Stage III' and 'Stage IV' experiments, where Stage III refers to experiments which were in the near future when the DETF document was prepared compared to Stage IV experiments which follow these in time. The distinction can also be cast in terms of the expected level of constraining power, with Stage III Weak Lensing alone experiments giving O(50%) constraints on the Dark Energy equation of state w and Stage IV O(10%). We point out that we present here constraints from weak lensing analyses only; in reality, significant improvements on constraints will be gained by both the SKA and optical surveys' measurements of galaxy clustering and other probes (such as supernovae and Intensity Mapping), as well as combination with external data sets. For each stage we consider a representative experiment from both the optical and the radio. We now give short background descriptions of the source populations assumed and the particulars of each experiment considered. 
Source Populations
For the number density of sources in each tomographic bin in each experiment we use a redshift number density distribution of the form:
where z0 = zm/α (α is a scale parameter) and zm is the median redshift of sources. For the SKA experiments we use the source counts in the SKADS S3-SEX simulation of radio source populations (Wilman et al. 2008) ; we have applied rescalings of these populations in both size distributions and number counts in order to match recent data (see Paper II for a full description). Values of the parameters in Eq. (18) are given in Table 1 , including the best-fit parameters to the SKADS S3-SEX distribution. The top panel of Fig. 2 shows these distributions for the experiments considered, including the high-redshift tail present in the radio source populations. For each experiment we then subdivide these populations into ten tomographic redshift bins, giving equal numbers of galaxies in each bin. We also add redshift errors, spreading the edges of each redshift bin and causing them to overlap. We assume a fraction of sources with spectroscopic redshifts (i.e. with no redshift error) fspec-z up to a redshift of zspec-max. For the remaining sources we assign a Gaussiandistributed (with the prior z > 0) redshift error of width (1+z)σ photo-z up to a redshift of z photo-max , beyond which we assume no 'good' photometric redshift estimate and assign a far greater error (1+z)σno-z. Values for these parameters for each representative experiment are shown in Table 1 and the resulting binned distributions for SKA2 and the Euclid -like experiment (see Section 3.3 below) are shown in the lower panel of Fig. 2 . We take an intrinsic galaxy shape dispersion of σg i = 0.3 for all redshift bins and experiments, consistent with that found for the radio and optical lensing samples used in previous radio weak lensing (Patel et al. 2010 ).
Stage III Experiments

SKA Phase 1 (SKA1)
The Square Kilometre Array (SKA) will be built in two phases: the first (SKA1) will consist of a low frequency aperture array in Western Australia (SKA1-LOW) and a dish array to be built in South Africa (SKA1-MID) with expected commencement of science observations in 2020. Of these, it is SKA1-MID which will provide the necessary sensitivity and resolution to conduct weak lensing surveys. Here we have assumed source number densities expected to emanate from a 5, 000 deg 2 survey conducted at the centre of observing Band 2 (1.355 GHz) and with baselines weighted to give an image-plane PSF of size 0.5 arcsec full width at Figure 2 . Source (top) and "observed" (bottom, split into ten tomographic bins for each experiment) redshift distributions dn gal /dz for the Euclid-like and SKA2 experiments described in Section 3.3. The curves in both panels are normalised such that the total area under the curves is equal to the total n gal for each experiment.
half maximum (FWHM). This experimental configuration is expected to give a close-to-optimal combination of high galaxy number density and quiescent ionosphere, as well as maximise commensality with other SKA science goals (see Paper II and Harrison & Brown 2015 for further discussion).
We then calculate the expected sensitivity of the instrument when used in this configuration using the curves from the SKA1 Imaging Science Performance Memo (Braun 2014) , which assumes a two year survey, and including all sources which are resolved and detected at a signal-to-noise greater than 10. We note that estimates for the number densities and distribution of sizes for SFGs at micro-Jansky fluxes are currently somewhat uncertain. To arrive at our estimates, we follow the procedure described in Paper II. In brief, we once again make use of the SKADS S3-SEX simulation (Wilman et al. 2008 ) but we have re-calibrated the absolute numbers and sizes of SFGs found in that simulation so that they match the latest observational data from deep radio surveys. For both SKA experiments we also include fractions of spectroscopic redshifts, obtained by detection of HI line emission from the source galaxies.
Dark Energy Survey (DES)
For our Stage III optical weak lensing survey we follow the performance specifications of the weak lensing component of the Dark Energy Survey (DES). DES is an optical survey with a primary focus on weak lensing cosmology, covering 5, 000 deg 2 of the Southern hemisphere sky using the 4-metre Blanco telescope at the Cerro Tololo Inter-American Observatory in Chile. It has already produced cosmological parameter measurements from weak lensing with Science Verification data (The Dark Energy Survey Collaboration et al. 
Stage IV Experiments
Full SKA (SKA2)
As described in Dewdney (2013) , the full SKA (SKA2) will be a significant expansion of SKA1, with the current plan for SKA-MID increasing the number of dishes from 194 to ∼ 2000 (with the initial 194 integrated into the larger array) and spreading long baselines over Southern Africa, undergoing construction between 2023 and 2030. As the sensitivity scales with approximately the total collecting area, for SKA2 we assume a ten times increase in sensitivity of the instrument and make our forecasts for a 3π steradian survey, again at the centre of observing Band 2 (1.355 GHz) and with a 0.5 arcsec PSF.
Euclid-like
For a Stage IV optical weak lensing experiment we consider as a reference a space-based survey capable of obtaining a galaxy number density of n gal = 30 arcmin 2 over 15, 000 deg 2 of the sky, with more accurate photometric redshifts than the DES survey, but still no spectroscopic redshift measurements. We expect this to be similar to the performance of the weak lensing component of the Euclid satellite (Laureijs et al. 2011; Amendola et al. 2013 ) planned for launch in 2020. We refer to this representative Stage IV optical weak lensing-only experiment as "Euclid -like ".
Cross-Correlations
For cross-correlation experiments, we take combinations of Stage III experiments (DES and SKA1) and Stage IV experiments (Euclid -like and SKA2). For DES ×SKA1 we assume the 5, 000 deg 2 sky coverage is the same for both surveys and construct theoretical power spectra C with lensing kernels given by g DES i and g SKA1 i , with ten tomographic bins from each experiment defined to have equal numbers of sources in each bin (i.e. bin i for DES does not correspond to, but may overlap with, bin i for SKA1). For the noise power spectra N X i Y j we assume a limiting case in which there is negligible overlap between the source populations probed by the different experiments (as found in Demetroullas & Brown 2016 ) and for objects which do exist in both surveys, shapes are uncorrelated, as suggested by the findings of Patel et al. (2010) , meaning the populations in the twenty different bins are treated as wholly independent. As demonstrated in Fig. 1 , the relaxation of this assumption should not significantly affect the achievable constraints. In the case where the samples are completely separate, redshift information will be necessary for the SKA sources, but could be obtainable from sub-threshold techniques which make use of the HI 21 cm line below the detection limit traditionally used for spectroscopic redshifts (techniques we are exploring in ongoing work), something which should be very capable in providing imperfect dn gal /dz (in the manner of photometric redshifts) for tomographically binned sources. For Euclid -like×SKA2 we consider only the 15, 000 deg 2 survey region available to both experiments. Again, ten equally populated tomographic redshift bins are chosen for each experiment and observed cross-spectra are formed. We emphasise that we are not merely considering the lowest n gal of the two experiments for the cross-correlations, but using the full dn gal /dz distributions in twenty bins, ten from each experiment, making use of all the galaxies present.
FORECASTING METHODS
For forecasting constraints on cosmological parameters which will be possible with the SKA and cross-correlations we use two approaches: Markov Chain Monte Carlo (MCMC) mapping of the likelihood distribution and the Fisher Matrix approximation. For a given likelihood function and covariance matrix, MCMC methods are accurate and capable of tracing complicated posterior probability distribution surfaces in multiple dimensions, but are computationally expensive. Here, we run MCMC chains for all of our experiments and use them as a calibration for Fisher matrices, allowing the latter to be robustly used for future similar work. The calculation of realistic covariance matrices beyond the approximation in Eq. (17) typically requires large-scale simulations of data of the type expected to be generated in an experiment; in Paper II we construct such simulations for a fiducial cosmology.
Forecasts with CosmoSIS
For our MCMC parameter constraint forecasts we make use of the CosmoSIS modular cosmological parameter estimation code (Zuntz et al. 2015) . For a given set of cosmological parameters ϑ we calculate a non-linear matter power spectrum using CAMB (Lewis et al. 2000 ) (with modifications from ISiTGR for the modified gravity models from Dossett et al. 2011 Dossett et al. , 2015 and halofit (Smith et al. 2003; Takahashi et al. 2012) . This is then converted to a shear power spectrum using Eq. (3) and the assumed nX i (z) for the relevant experiment and redshift bin. These shear power spectra are compared in a Gaussian likelihood to an 'observed' data vector d and covariance matrix, calculated using the same method at our fiducial cosmological parameters:
summing over all multipoles as Γ XY is assumed to be diagonal in and . We then use the MultiNest (Feroz et al. 2013) code to sample over this parameter space and form the posterior confidence regions shown in our results plots. For all of our MCMC forecasts we include information up to a multipole of max = 3000, capturing mildly non-linear scales, dependent on the redshift being probed.
Comparison with Fisher Matrices
Whilst fully sampling the posterior distribution with Markov Chain methods provides a robust and accurate prediction for parameter constraints, it is typically computationally expensive and time consuming. The Fisher matrix is an alternative approach for parameter estimation which assumes the presence of a likelihood function L(ϑ) that quantifies the agreement between a certain set of experimental data and the set of parameters of the model, ϑ = {ϑα}. It also assumes that the behaviour of the likelihood near its maximum characterises the whole likelihood function sufficiently well to be used to estimate errors on the model parameters (Jeffreys 1961; Vogeley & Szalay 1996; Tegmark et al. 1997) .
Under the hypothesis of a Gaussian likelihood, the Fisher matrix is defined as the inverse of the parameter covariance matrix. Thence, it is possible to infer the statistical accuracy with which the data encoded in the likelihood can measure the model parameters. If the data is taken to be the expected measurements performed by future experiments, the Fisher matrix method can be used, as we do here, to determine its prospects for detection and the corresponding level of accuracy. The 1σ marginal error on parameter ϑα reads
where F −1 is the inverse of the Fisher matrix, and no summation over equal indices is applied here.
Our experimental data will come from the measurement of the (cross-)correlation angular power spectrum C XY between the observables X and Y . From an observational point Table 2 . One dimensional parameter constraints from covariance matrices calculated using full MCMC chains and the Fisher matrix formalism for the simplified weak lensing-only experiments described in Section 4.2, showing good agreement, as shown in Fig. 3 . The constraints for SKA2 correspond to a DETF figureof-merit of ∼ 2500.
of view, we can consider each single mode C XY in tomographic and multipole space as a parameter of the theory. Then, to recast the Fisher matrix in the space of the model parameters, ϑ, it is sufficient to multiply the inverse of the covariance matrix by the Jacobian of the change of variables, viz.
where again we sum over all the multipoles because Γ XY is here assumed to be diagonal in and .
Fisher matrices can be quickly computed, requiring computation of observational shear spectra only at the set of points in parameter space necessary for approximating the derivative, rather than at enough points to create a good, smooth approximation to the true posterior. This allows exploration of the impact of different systematics and analysis choices on forecast parameter constraints, which we intend to explore in a following paper. Here, we validate the use of the Fisher approximation for such an exploration by comparing for a simple case the predictions from our MCMC chains and Fisher matrices. We use simplified versions of the SKA2 and Euclid -like experiments (intended to maximise the Gaussianity of the contours and be quicker to compute), in which we consider both as covering the full sky (A sky = 41, 253 deg 2 ), only use information up to = 1000 and cut off both redshift distributions at z = 4. For these simplified experiments we calculate the parameter covariance matrix in the two parameters {w0, wa} using both the MCMC procedure and via the Fisher matrix approximation. Figure 3 shows confidence region ellipses corresponding to both these methods and Table 2 the associated one dimensional parameter constraints, showing O(5%) agreement.
As a demonstration of the usefulness of this approach, we show the benefit of the high-redshift tail in the source distribution for SKA by calculating constraints in {w0, wa} both including and excluding all sources above z = 2. For SKA1, excluding these sources leads to a {3.63, 4.04} factor increase in the width of the uncertainties, whilst for SKA2 the factors are {1.32, 1.51}.
RESULTS
In
Figs. 4 to 6 we show the two dimensional parameter constraints from our MCMC forecasts on matter {σ8, Ωm}, dark energy {w0, wa} and modified gravity {Σ0, Q0} parameter pairs, each marginalised over the full base ΛCDM parameter set {Ωm, Ω b , σ8, h0, ns}, with the light (dark) regions Table 2 .
representing 95% (68%) confidence regions for the parameter values, and Table 3 showing one dimensional 1σ confidence regions for each parameter individually. Table 3 where ρ is the correlation coefficient and σw 0 and σw a are the one dimensional parameter standard deviations.
The left column of Figs. 4 to 6 shows these for the three Stage III experiments: DES, SKA1 and their crosscorrelation. SKA1 performs only slightly worse than DES, to be expected due to the significantly lower galaxy number density, some of which deficit is made up for by the highermedian redshift distribution, which may be expected to provide a stronger lensing signal. The DES×SKA1 contours, which make use of all of the galaxies in both experiments, outperform each experiment individually in the {σ8, Ωm} case.
The right column of Figs. 4 to 6 shows the constraints for Stage IV experiments. Here, SKA2, for which Galactic foregrounds are not a consideration and hence has access to a full 30, 000 deg 2 , outperforms the Euclid -like experiment in the {σ8, Ωm} contours. The cross-correlation contours, which only include galaxies in the 15, 000 deg 2 available to both experiments are slightly larger than the individual experiments, but may be expected to be significantly more robust due to the removal of wavelength-dependent systematics.
Application of Planck Priors
We also show constraints obtained by combining the results from our experiments with results from observations of the CMB by the Planck satellite (Planck Collaboration et al. 2015) in Fig. 7 . For this, we re-weight our MCMC chains using the plikHM-TTTEEE-lowTEB-BAO Planck likelihood chain 9 , re-centred around our fiducial cosmology. We also show the combined, marginalised parameter constraints for both auto and cross-correlation experiments in Table 3 . Whilst these result in little difference in the matter parameters, the different degeneracy direction of the Planck constraints on (w0, wa) allows for a significantly smaller area in the contours, improving the DETF FoM by a factor ∼ 5 for each experiment and allowing O(10%) constraints on both parameters.
CONCLUSIONS
In this paper we have presented forecasts for cosmological parameter constraints from weak lensing experiments involving the Square Kilometre Array (SKA), both in isolation and in cross-correlation with comparable optical weak lensing surveys. We have shown that the first phase of the SKA (SKA1) can provide O(5%) constraints on matter parameters Ωm and σ8, O(50%) constraints on dark energy equation of state parameters w0 and wa, and O(10%) constraints on modified gravity parameters Σ0 and Q0, competitive with the Dark Energy Survey (DES). The full SKA (SKA2) can significantly improve on all of these constraints and be competitive with the surveys planned with Stage IV optical weak lensing experiments. Furthermore, we have explored what may be achieved with weak lensing constraints from the cross-correlation power spectra between radio and optical experiments. Such cross-correlation experiments are important as they will be free of wavelength-dependent systematics which can otherwise cause large biases which dominate statistical errors and can lead to erroneous cosmological model selection. For both the Stage III (SKA1, DES) and Stage IV (SKA2, Euclid -like) experiments, such systematics are potentially larger than the statistical errors available from the number density of galaxies probed. We have shown that parameter constraints made using only the cross-waveband power spectra can be as powerful as traditional approaches considering each experiment separately, but with the advantage of being more robust to systematics. Such cross-correlation experiments represent significant promise in allowing weak lensing to maximise its potential in extracting cosmological information. At both Stage III and Stage IV, constraints on (w0, wa) are significantly improved with the addition of Cosmic Microwave Background priors from the Planck satellite, down to O(10%) in both parameters for SKA2 + Planck .
The realisation of this promise in practice will rely on a number of developments:
• The accuracy and reliability of shape measurements of galaxies from SKA data (which will arrive in the poorlysampled Fourier plane as visibilities) will need to match that available from image-plane optical experiments (see Patel et al. 2015 , for further discussion). Table 3 . One dimensional marginalised constraints on the parameters considered, where all pairs (indicated by brackets) are also marginalised over the base ΛCDM parameter set.
• Understanding of the star-forming radio galaxy populations making up the sources in SKA weak lensing surveys, and how these correspond to the source populations in optical surveys.
• The extraction of redshift information for the radio sources, either from cross-matching catalogues, requiring deep data in wavebands capable of providing photometric redshifts, or extracting HI 21 cm line redshifts from below a traditional survey threshold.
• Optimisation of SKA survey strategies to maximise the amount of information gained in radio weak lensing surveys. For more discussion of this see Bonaldi et al. (2016) (Paper II) .
• Inclusion of additional information from radio polarisation and spectral line measurements, which may mitigate other, wavelength-independent systematics which are not removed by cross-correlations, such as galaxy intrinsic alignments. We intend to explore the impact of these approaches on parameter constraints in a future work using Fisher matrix forecasts to quantify the impact of such systematics and how well they may be removed.
These problems are currently being addressed, through the radioGREAT data simulation programme 10 , precursor experiments and exploitation of archival data (Demetroullas & Brown 2016, SuperCLASS) , large scale simulations (Paper II) and theoretical work (e.g. Whittaker et al. 2015) . If these aspects can be understood sufficiently well, the use of radio and radio-optical cross-correlation experiments will maximise the potential of weak lensing experiments, allowing us to more closely approach the full precision available from the data and give the best chance possible of starting to understand the true physical nature of dark matter and dark energy.
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